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We obtain analytical formulas which connect the neutrino masses and the leptonic mixing matrix 
with the entries in the mass matrix for the approximation in which the charged lepton mixing matrix 
is the unit matrix. We also extract the CP violation phase and determine the conditions in which 
this is present. 
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I. INTRODUCTION 
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^^ • The problem of neutrino masses and mixings has received a surge of interest as a consequence of a remarkable 

fj \ number of experiments [l|-[8( involving neutrino oscillations. In a great number of models proposed in connection to 
£C) • it it is safe to assume that at least in first orders the mixing matrix in the charged lepton sector is the unit matrix. 

Consider that part of the Lagrangian which contains the lepton fields and their interaction with the SU(2)l x U(l) 
' _,' gauge bosons: 

&*■ C = -L a -f^V^L a - ejiaj^V^eRa (1) 
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Here. 



L a = 



Pa 

eLa 



(2) 



^. | and p a is a two component neutrino field. 

^^ . The charged leptonic weak interaction can be read from the term: 

°^ ! ia 

OO ■ £ = -%W~l Llii Kp + h.c. + ..., (3) 

C-x . V2 

where g is the weak coupling constant, W~ is the charged vector intermediate boson and K is the leptonic mixing 
x-2 ' matrix. 

The hatted fields correspond to the mass eigenstates and can be written in terms of the gauge eigenstates as: 

p = Up e L = We L . (4) 

K^ ' The leptonic mixing matrix K is then given by: 

c5 '. K = w ^ u - ( 5 ) 

If W is the unit matrix then the leptonic mixing matrix is given simply by U. 

One then can consider arbitrary mass terms in the neutrino sector and diagonalize them. At first glance this seems 
a tractable problem considering that it involves only 3x3 arbitrary complex matrices. In practice this diagonalization, 
upon obtaining MM', involves 9 parameters and it is often made numerically. In the case when various symmetries 
and perturbations of these are applied in the neutrino sector [9j-(2l| one may lose track of the real dependence between 
the input mass parameters and the output eigenvalues and eigenvectors. 

In the present work we obtain analytical formulas relating the various masses and angles in the neutrino sector in 
terms of the input mass parameters. We also extract the possible CP violating phase and determine the necessary 
and sufficient conditions for its appearance. Note that overall we made the underlying assumption that the charged 
leptons mixing matrix is the unit matrix. 
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II. DETERMINATION OF PARAMETERS 

We consider the neutrino mass matrix an arbitrary 3x3 matrix from which we obtain the hermitian form M: 



M 
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X 


IS 


X* 


b 


z 


ll" 


z* 


c 



(6) 



Here the entries a, b, c are real and, 



x = |x|e 8/31 

y = \y\e^ 2 



(7) 



The matrix M is diagonalized by an arbitrary unitary matrix U. If U is identified with the leptonic mixing matrix 
than U is equivalent to [22|], |23j 



U -> P*UQ, 



(8) 



where P and Q are diagonal matrices of phases. 
We define the phase matrix P by, 



" e* 71 











e ij2 











e *73 



(9) 



and extract it directly from the mass matrix through the transformation: 



PMP* = 



f e -*(7l-72) 



xe *(7l-72) ygi(7l-73) 



Z gJ(72-73) 



y e 



-i(7l-73) 7 *p-*(72-73) 



(10) 



We denote: 



7i - 72 = V + T 
7i - 73 = V ~ T 
72 - 73 = -2r 



(11) 



and further, 



a 1 = Pi + t 
OL2 = fa- t 
"3 = fa - 2r. 



(12) 



This leads to the new phases for the elements x, y, z: 



\x\e lpl -> \x\e l(ai+v) =x' 



l2/|e 



uh 



\y\e i{a2+n) = y' 



\z\e^ -> Izle' 



(13) 



We will work with the phases a\, ot2, ck3 and 77 and determine in the end the extra phase r from a consistency 
condition. 

Now assume that the new mass matrix, 



M' 
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.!■' 


y' 


(x>y 
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z' 


(y'T 


(z'y 


c 



(14) 



is diagonalized by the standard form of the lcptonic mixing matrix. Here we make the underlying assumption that 
the transformation matrix for the charged leptons is the unit matrix so that the phase P is absorbed in the charged 
lcpton sector. In case there is a rotation matrix different from one then the matrix which realizes the diagonalization 
should be multiplied by the corresponding charged lepton matrix which should have the same form and should be 
treated similarly. We denote: 
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1 










C23 «23 
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ci3 s 13 e-* s 
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size 15 ci3 
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Sl2 




Cl2 
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= R23U13R12. (15) 

(16) 
(17) 

(18) 



Here mi can be the masses or the square of the masses depending on the choice for the matrix M'. Then from the 
elements (12) and (13) of Eq. ([T7]) one obtains: 



Then the correct diagonalization procedure is, 

W = UM d tf 
which may be written also as, 

R 23 M'R 23 = U 13 (R 12 M d R^ 2 )ul a . 
The eigenvalue matrix Md has the form: 

M d = 



mi 











m 2 











m 3 



tan 23 = —r 



tan 5 = — 



X 2 S 23 + j/ 2 c 23 
^'lS23+yic23 



(19) 



where x' = x[ + ix' 2 and y' = y[ + iy' 2 ■ However Eq.(|19| is not sufficient by itself to determine the CP violating 
phase. We need a consistency condition to determine the phase r\. The element (23) of Eq. (|1T[) yields: 



tan S = — 



c 23 s 2 3(b - c) + (4 3 - sl 3 )z[ 



We can determine the phase r\ from: 

X 2 S23 + y' 2 c 23 



This is equivalent to: 



x'is 23 + y[c 23 c 23 s 23 (b - c) + (c| 3 - sl 3 )z[ 

z 2 (x'ix 2 + 2/12/2) = y'2 x 2( b - c ) + (y'2 2 - x 2) z '\ 



and leads to: 



We denote: 



~|x| 2 |z|cos(2ai +2i] + a 3 ) + \y\ 2 \z\ cos(2a 2 + 2i] - a 3 ) + \x\\y\(b- c) cos(ai + a 2 +27?) 
|a;||j/|(6-c)cos(ai - a 2 ) - \z\ cos(a 3 )(|a;| 2 - \y\ 2 ). 



u = -|a;| 2 |z|cos(2ai +a 3 ) + \y\ 2 \z\ cos(2a 2 - a 3 ) + |x||y|(6— c) cos(ai + a 2 ) 
v = \x\ 2 \z\ sin(2ai + a 3 ) — |j/| 2 |z| sin(2a2 — a 3 ) — \x\\y\(b — c) sin(ai + a 2 ) 
w = \x\\y\(b- c)cos(ai - a 2 ) - \z\ cos(a 3 )(|a;| 2 - \y\ 2 ) 



(20) 



(21) 



(22) 



(23) 



Then Eq. ([23|) can be written as: 



ucos(2rj) + vsm(2rj) = w 



(24) 
(25) 



with the solutions: 

sin(2?7) 



vw ± u\Jv? + v 2 - 


- w 2 


U 2 + V 2 


uw =p v\/u 2 + w 2 - 


- w 2 



cos(2?7) = ■ — . (26) 

v " u 2 + v 2 y ' 



Then one can extract the CP violation phase as: 



= (|af cos(2 ai ) + \y\ 2 co S (2a 2 ))^ ^Jl+f ~ w ' 2 - (M 2 sin(2ai) + \y\* Mte2)) vw±u %lt? — - (\x\ 2 + \y\\ 
(\x\ 2 8in(2 ai ) + \y\ 2 sin(2a 2 ))Hm #;+f-^ + (| x |2 cos (2 ai ) + \y\ 2 C os(2a 2 ))^^E^S 



Then from Eq. (|19[) one can determine tan 23 : 



_ N_ / 1 - cos(2o!i) cos(2ry) + sin(2ai) sin(2?7) 
ai123 ~~ |y| V l ~ cos (2a 2 ) cos(2t7) + sin(2a 2 ) sin(2r?) [ ' 

The ratio of the real parts of the elements (12) and (23) in Eq. (|T7| leads to tani3: 

\z\ sin(a 3 )(M 2 + \y\ 2 - {\x\ 2 cos(2ai) + \y\ 2 cos(2a 2 )) cos(2t7) + (|x| 2 sin(2ai + \y\ 2 sin(2a 2 )) sin(2r;)) 1 / 2 

13 = /oi H i ■ ; s ■ m (29) 

V2|a;||j/| sm(«2 — ai) sin(o) 

Furthermore the rest of the entries can be obtained form the real part of the elements (22), (12), (13) in Eq. (fT7|) 
and from the trace condition: 

m 3 = (a + b + c) — mi — ra-2 

4™i + c\ 2 m 2 = cj 3 b + s| 3 c - 2c 23 s 23 zi 

ci3Si 2 ci 2 (m 2 - mi) = 2^3 - 2/^23 

^1523 + ?/i c 23 = — S13C13 cos(S)(a + b + c - mi - m 2 - Cj 2 m! - s\ 2 m^). (30) 

By separating the angle #i 2 and the masses m\ and m 2 from the other parameters already determined we obtain 
the new system: 

s 2 2 (mi - m 2 ) + ??i 2 = p 

Si 2 (m 2 - mi ) + m 2 + 2r77i = r 

si2Ci 2 (m2 -mi) = s (31) 



where by p, r and s we denote, 



V = C 23 h + S 23 C - 2c 23S23^i 

^is 2 3 + yic 23 , . 

r = -— + (a + b + c) 

Si 3 Ci 3 cos(d) 

_ a-'ic 23 - y[s 2 3 



C13 

The system in Eq. ([3"3"f can be solved and leads to: 



(32) 



mi = \p^ ± JC- \ ) 2 + 2(p 2 + 2s 2 )] 



-2 = i[^T^-f) 2 + 2(77 2 + 2 S 2 )] 



sin(20i 2 ) = 2 S [T^/(^ - § ) 2 + 2(p 2 + 2s 2 )]- 1 (33) 

From a combination of the elements (11), (33), (13), (12) of the Eq. (fTTj) we determine a final consistency condition: 

a sj 3 b 4c - 2 S23C23 zJ = (1 - tan^) ^ 2 "^' 2 . (34) 

z 2 



Eq. (|34j) is very complicated and cannot be solved exactly. However in the case of neutrinos one can make the 
following simplifying assumptions [2(|, [21| : 

\z\ is of order p 

\x\ is of order p 2 

S13 is of order p (35) 

where p is a small parameter. In order to have a very good agreement with the experiment it is enough to consider 
angles only of order p while the other parameters are considered of order p 2 . Then from the last line in Eq. (|35[) and 
Eq. (|29|) one obtains: 

sin a 3 is of order p 2 w (36) 

Note that in this approximation the presence of a nonzero CP violation phase requires that the denominator in the 
r. h. s. of Eq. (1201) be zero which can be achieved by an appropriate choice of parameters. 
Then condition Q34p is automatically satisfied and all the angles are determined from: 



!h 




2 




= /3i 


+ f 


= /3i 


2 



ai 

a 2 = /3i - y. 
This concludes the calculation of the masses and angles in terms of the initial parameters in the mass matrix. 

III. CP VIOLATION 

From Eq. (f2~T|) and the calculations that lead to it we determine that in order to have a CP phase zero the following 
conditions should be fulfilled: 

a 3 = kiir 

ai + rj = fc 2 ?r 

a 2 + i] = fc 3 7r, (38) 

with k\, fc2j &3 integers. 

Going back to Eq.([TU]) we obtain that the necessary and sufficient condition for a zero CP violating phase is: 

Pi - /3 2 + k = kit, (39) 

where k is an integer. 

Our result agrees to that obtained in [22|,[23| from a different perspective. 

We derive analytical formulas for the mixing angles and mass eigenvalues for the case when the leptonic mixing 
matrix is given simply by the neutrino mixing matrix. These formulas may prove useful in constructing and analyzing 
various models for neutrino masses, mixings or CP violation. 
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